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1. I n t r o d u c t i o n  

A s  one of t h e  t h e o r e t i c a l  p o s s i b i l i t i e s  f o r  t he  i n i t i a t i o n  of f r o n t a l  

r a inbands ,  S I  (Symmetric I n s t a b i l i t y ) ,  moist  S I ,  and e s p e c i a l l y  CSI 

( C o n d i t i o n a l  SI) have been shown t o  have many a t t r a c t i v e  f e a t u r e s  (Hoskins, 

1974; Raymond, 1978; Bennet t s  and Hoskins, 1979; Emanuel, 1979, 1983; Parsons 

and Hobbs, 1983, Xu and Zhou, 1982; Xu, 1984). However i n  comparison wi th  B I  

(Buoyancy o r  Convect ive I n s t a b i l i t y )  (cf. Chandraseckhar,  1961 and Joseph, 

1976a ,b) ,  t he  S I  problem has  not been explored s u f f i c i e n t l y .  Obviously the  

presence  of basic wind s h e a r  and, by the thermal wind r e l a t i o n s h i p ,  a 

h o r i z o n t a l  t empera ture  g r a d i e n t  makes S I  problems g e n e r a l l y  more d i f f i c u l t  

t han  B I  problems. 

I t  has been noted,  however, t h a t  t he  most uns t ab le  motion of S I  may be 

l o c a l l y  desc r ibed  as I1 ( I n e r t i a l  I n s t a b i l i t y )  on i s e n t r o p i c  s u r f a c e s  i n  an 

h y d r o s t a t i c  atmosphere (Hoskins, 1974) and t h a t  a l i n e a r  v i scous  S I  problem 

can be t ransformed i n t o  a form of l i n e a r  viscous BI o r  I T  (Xu and Zhou, 1982). 

Thus t h e  s i m i l a r i t y  and i n t r i n s i c  r e l a t i o n s h i p  among S I ,  B I  and I1 f o r  

n o n l i n e a r  v i scous  f lows becomes more pe rcep t ib l e .  In t h e  fo l lowing  s e c t i o n  w e  

w i l l  see t h a t  t h e  governing S I  equat ions  can be changed v i a  a coord ina te  

t r z n s f o r m a t i o n  i n t o  a form similar t o  those of t h e  B I  problem. Thus t h e  

we l l - s tud ied  BI t heo ry  can be u t i l i z e d  t o  improve our unders tanding  of S I  

problems. 

S i n c e  a s i m i l a r i t y  among S I ,  B I  and T I  ex is t s ,  i t  w i l l  be expected t h a t  

S I  has  t h e  same b a s i c  n a t u r e  of BI and 11 and thus the  phys ica l  p i c t u r e  of S I  

may be i l l u s t r a t e d  almost  as i n t u i t i v e l y  as  t h a t  of B I  o r  11. In f a c t ,  by 

t r e a t i n g  buoyancy and i n e r t i a l  e f f e c t s  s e p a r a t e l y ,  an i n t u i t i v e  a n a l y s i s  f o r  



the parcel dynamics of SI has been attempted by Emanuel (1983). A similar 

idea was also used by McIntyre (1970) to explain the diffusive destablization 

mechanism in a viscous SI problem where the Prandtl number differed from 

unity. Referring to Emanuel's analysis, we will emphasize the analogy between 

SI, BI and 11. To illustrate the properties of SI, we shall analyze the 

dynamics and energetics of the parcel motions in Section 3. We shall also 

examine to what extent the results for dry SI may be applied to moist SI. 

Yoist SI will be discussed in Section 4 ,  where a qualitative analysis for CST 

will also, be involved. 

2. Similarity Between SI, BI, and I1 

Assume that V = (d,V(x,z),O> and oo(x,z) are the basic wind and potential 

temperature fields respectively (cf., Fig. 1). By the Boussinesq approximation 

we have the following nonlinear viscous equations for symmetric perturbations 

a 
dt 0 ax 0 0 
- -  du f v + a ' ~ = a ~ .  pvvu , ( 2 .  la) 

* - e + a  + = a ~ - p v ~ w  , 
dt az 0 

(2. lb) 

dv 2 2 
dt 0 0 

f - + F u + S w = a V * p v V f v  , (2.lc) 
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a a 
7 J - p o u )  + Z ( P  w >  = 0 0 

0 

( 2 .  I d )  

(2 .  l e )  

-1 where f is t h e  C o r i o l i s  parameter (assumed c o n s t a n t )  and Po(x ,z )  

i s  t h e  d e n s i t y  of the  background atmosphere. Here 

a (x ,z)  
0 

a 
a z  + w - ,  3 a + u - a 

d t  a t  a x  
0'  

(u ,W,v,e ,p)  ( u ' , w ' , v ' , g  ~ , p ' >  and the p r i m e s  r ep resen t  p e r t u r b a t i o n  
0 

q u a n t i t i e s .  I n  (2. l b )  t h e  e f f e c t  of p e r t u r b a t i o n  p r e s s m e  on buoyancy 

i s  neglec ted .  The symbol V is  t h e  kinematic  molecular 'o r  eddy d i f f u s i v i t y .  

N, S and F t h e  Brunt V i i s i l H ' ,  b a r o c l i n i c  and i n e r t i a l  f r equenc ie s  r e s p e c t i v e l y ,  

are  de f ined  as fo l lows:  

where thermal  wind r e l a t i o n  has  been used. 

Cons ider  now t h e  l o c a l  behaviour  of (2 .1)  by assuming t h a t  N2, S2 

and F2 a r e  cons t an t s .  We can in t roduce  a r o t a t i o n a l  t r ans fo rma t ion  
A A 

- cos: -s in? A 

R; = ( where p o s i t i v e  a corresponds t o  an t i c lockwise  r o t a t i o n ,  s i n a  cosa  

i.e.,  see Fig. 1, 

3 



where 

2 

N - F  
-2s 2 )  . A 1  a = - Arctan ( 2 2 (2.4) 

With (2.3) and (2.41, (2.1) can be t ransformed i n t o  

(2.5b) (at a + t v - a v povv)S + ii = o , 
0 

A 

v * p 0 y = o  , (2 .5c)  

A A  A A  

where J = ( a / a j ,  a / a i > ,  
d i a g o n a l  form of s t a b i l i t y  t e n s o r  II = (F  ). Here 

= ( u , w > ,  6 = ( a ,b ) ,  and - 
2 2  

S2 N2 

-2 1 2 2 
N =$F + N + B) , 

-2 1 2 2 
F = ?(F + N - B )  , 

2 2  4 112 
2 - F )  + 4 S ]  (2.6) 

2 2 B = sgn(N - F ) [ ( N  

It has  been shown by Xu and Zhou (1982) t h a t  ( 2 4  01: e q u i v a l e n t l y  

4 112 

9 -  

A N 2 - F 2 [(N - F2)2  + 4s I 
2s2 2s2 

t a n  a = - (2 .7)  

4 



g i v e s  t h e  most u n s t a b l e  o r  least  s t a b l e  s l o p e  ang le  € o r  l i n e a r  S I ,  i. e., 

a d i s t u r b a n c e  which induces  p a r c e l  displacements  a t  t h i s  angle  i n  the  

( x , z )  plane  w i l l  be most uns tab le .  Now wi th  (2.5) i t  is easy  t o  see t h a t  

t h e  most u n s t a b l e  ang le  a is indeed only a p rope r ty  of t he  basic flow and 

n o t  changed by i n c l u d i n g  n o n l i n e a r i t y .  From (2.5) w e  can see t h a t  i f  

N2 < F2, t hen  ^z is i n  t h e  d i r e c t i o n  of & wi th  i2 = min w2(a) and 

A 

2 6’ = q x  w ( a )  where 

2 2 2  
(a) = N s i n  a 

a 

(2.8) 
2 2 2  + 2s s i n a  C O S a  + F cos a 

2 2 
(cf.  Ooyama, 1966, Hoskins,  1974, o r  Xu et al.,  1982). I f  N > F , t hen  

2 2 i s  i n  t h e  d i r e c t i o n  of where i2 = max w (a) and i2 = min W ( a ) .  
a a 

2 2 
I n  f a c t ,  t h e  above two cases, corresponding t o  t h e  s i g n  of N - F , s h a r e  a 

s imilar  n a t u r e  symmetr ica l ly  because one can change i n t o  t h e  o t h e r  s imply by 

i n t e r c h a n g i n g  (x ,u ,a )  and (z,w,b). For N < F and F > 0, Eqs.  (2.5) have 2 2  2 A 1 1  A A A  

a s imi la r  form t o  t h e  governing equat ions  of non l inea r  B I  problems i n  a 

A2 A 

s t r a t i E i e d  (N ), r o t a t i n g  (F) f l u i d .  Thus, even i n  t h e  non l inea r  sense ,  SI  

i s  s imilar  t o  B I  and ^z is t h e  most uns t ab le  ( i f  N A2 < 0 )  o r  least  

A2 2 
s t a b l e  ( i f  N > 0 )  d i r e c t i o n ,  Le. ,  the d i r e c t i o n  of i. For N2 F and 

N > 0 ,  E q s .  (2.5) i n d i c a t e  t h a t  S I  i s  similar t o  I1 ( I n e r t i a l  I n s t a b i l i t y ) .  
2 

However, as w e  mentioned above, t hese  two cases corresponding t o  t h e  s i g n  

2 2 of N - F are similar. Thus, B I ,  I1 and SI are similar, a t  l eas t ,  i f  

w e  on ly  cons ide r  t h e  t r a n s v e r s e  c i r c u l a t i o n  (u,w) and take  ( a ,  b) as two 
A 6  A A  

scalars. 
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So f a r  we can see t h a t ,  a l t hough  B I  and I1 are p a r t i c u l a r  cases  of S I ,  

t h e  l o c a l  S I  o r  S I  problem w i t h  a uniform b a s i c  s t a t e  can be transformed i n t o  

t h e  form of B I  o r  11. Furthermore both l i n e a r  (Xu and Zhou, 1982) and 

n o n l i n e a r  t h e o r i e s  ( c f .  Chapter  I V Y  Xu, 1984)  of gene ra l i zed  e n e r g e t i c s  

i n d i c a t e  t h a t  t he  nonuniformity of the  b a s i c  s t a t e  does not change the  basic 

n a t u r e  of B I ,  I1 and SI .  The re fo re ,  i t  is indeed f e a s i b l e  e i t h e r  t o  induce 

t h e i r  common n a t u r e s  from a l r e a d y  known 11, S I ,  and e s p e c i a l l y  B I  theory ,  o r  

t o  deduce c e r t a i n  p r o p e r t i e s  f o r  a p a r t i c u l a r  s t a b i l i t y  problem, e s p e c i a l l y  

t h e  S I  problem which w e  are p a r t i c u l a r l y  concerned w i t h  from t h e i r  common 

na tu res .  Based on the  prev ious  t h e o r i e s  of B I ,  11, and S I  g iven  by the  

fo rmer ly  re ferenced  s t u d i e s  and on t h e  s i m i l a r i t y  among B I ,  I1 and S I  

d i scussed  above, t h e  basic n a t u r e  of S I ,  can be summarized as fo l lows:  

i )  For an i n v i s c i d  f l u i d ,  t h e  i n s t a b i l i t y  s imply depends on t h e  

e x t e r n a l  c o n s t r a i n t s ,  i.e., t h e  s t a b i l i t y  t enso r  fl = (F2 s2) 

which determines t h e  o r i e n t a t i o n  and s t r e n g t h  of t he  

i n s t a b i l i t y ,  and has  no scale s e l e c t i o n .  The s u f f i c i e n t  

cond i t ion  f o r  i n s t a b i l i t y  i s  

2 2  

S N  

A2 a2 min (N ,F ) < 0 ,  i.e., N ~ F ~  - s4 < o ¶ 

2 2 
where t h e  unusual  case of both N < 0 and F < 0 is not 

inc luded  i n  t h e  second 

angle  is g iven  by (2.4) 

Ik,l < l t a n  21 < 

ormula. The most uns t ab le  s l o p e  

or (2 .7) ,  which wi th  (2.9) l e a d s  t o  

k g l  ' (2.10) 

6 



Here kv = -F2/S2 i s  the  s lope  of iso-momentum ( i .e . ,  

f x  + V = c o n s t )  s u r f a c e s  and a l s o  the  s l o p e  of t h e  

background a b s o l u t e  v o r t i c i t y  v e c t o r ,  while  kg = -S2/N2 is 

t h e  s l o p e  of background i s e n t r o p i c  su r faces .  

ii) For a v i scous  f l u i d ,  t he  i n s t a b i l i t y  r e s u l t s  from a 

t rade-of f  between two energy t r a n s p o r t  regimes - t h e  

conduct ive  regime (no p e r t u r b a t i o n )  and c i r c u l a t i o n  

regime. When t h e  l a t t e r  becomes more e f f e c t i v e ,  

i n s t a b i l i t y  occurs  and the  c i r c u l a t i o n  depends on two 

o t h e r  compe t i t i ve  f a c t o r s :  t h e  e x t e r n a l  e f f e c t  of t h e  

s t a b i l i t y  t e n s o r  and i n t e r n a l  e f f e c t  of t h e  stress t e n s o r  

due t o  v i s c o s i t y  and p res su re  g rad ien t .  I n  t h i s  case, a 

scale  s e l e c t i o n  mechanism e x i s t s  and depends on the  

compet i t ion  of t he  above two f a c t o r s .  S ince  the  P r a n d t l  

number = 1 here ,  by t h e  a l r e a d y  known theo ry  (Chandrasekhar, 

1961 and Veronis ,  1966) which asserts t h a t  t h e  primary 

b i f u r c a t i o n  po in t  must be a s t e a d y  one un le s s  both r o t a t i o n  

(measdred by t h e  C o r i o l i s  parameter)  is s t r o n g  enough and 

t h e  P r a n d t l  number is small enough (much smaller than  u n i t y ) ,  

w e  may expec t  t h a t  the  v iscous  S I  motion wi th  c e r t a i n  boundary 

c o n d i t i o n  w i l l  f i r s t  occur as a s t e a d y  c i r c u l a t i o n .  

3.  P a r c e l  Dynamics and E n e r g e t i c s  

We s h a l l  f o r  s i m p l i c i t y  omit the e f f e c t  of v i s c o s i t y  and thermal  

conduc t iv i ty .  I n  t h i s  case (v  = 01, ( 2 . 1 ~ - d )  g i v e  

d - ( v + M ) = O  , d t  
(3 .  l a )  

7 



(3 . lb )  

where M fx  + V is t h e  a b s o l u t e  momentum of t h e  basic state. I f  a 

parcel (here  a parcel i n  ,x = (x , z )  plane is a tube  a long  y d i r e c t i o n  i n  

t h e  3-dimensional space) i n i t i a l l y  w i t h  v = 0 = 0 at  ro moves t o  5 ,  

t hen  t h e  i n t e g r a t i o n  of (3.la-b) fo l lowing  t h e  parcel g i v e s  

Now w e  rewrite (2.la-b) as (v  = 0) 

(3.2a) 

(3.2b) 

(3.3a) 

(3.3b) 

d 
where ( * )  3 dt . 
p e r t u r b a t i o n  energy  (c f .  Chapter  I V ,  Xu, 1984), we  may ignore  t h e  e f f e c t  of 

p r e s s u r e  p e r t u r b a t i o n s  and thus  fo l low t h e  methods of Emanuel (19831, t o  

o b t a i n  phys ica l  i n s i g h t s  about  SI.  

S ince  t h e  p r e s s u r e  p e r t u r b a t i o n s  on ly  r e d i s t r i b u t e  t h e  



A l t e r n a t i v e l y ,  Eq. (2.5) w i th  V = 0 sugges t s  t h a t  t h e  above two s t e p  

a n a l y s i s ,  i.e., (3.1) - (3.31, can be s i m p l i f i e d  by l o c a l l y  in t roduc ing  a 
< 

" t h e  rma 1 - i ne r t i a 1 pot  e n  t i a 1 " 

A A A 

A 5 f ( f x  + V) cox a - Bo s i n  a 

A - A  

for  t h e  b a s i c  state. It is  easy  t o  prove t h a t  A = A ( x )  is l o c a l l y  independent 

of z ,  i.e., an iso-A l i n e  is  l o c a l l y  paral le l  t o  z coord ina te  ( s e e  Fig.  3.31, 

and t h a t  aA/ax  = F2. 

of A., Thus, s i m i l a r l y  t o  (3.2) - (3.31, w e  have 

A A A 

A A  A A 

The q u a n t i t y  a def ined  i n  (2.3) is  t h e  p e r t u r b a t i o n  
A 

A A A  A A  

a = A(xo) - A(x) , 

and 

A A A  A 

I f  w e  cons ide r  a, A, x and 5 as 8 ,  Qo, z and 5 r e s p e c t i v e l y ,  then w e  have 

pure B I  i n s t a b i l i t y .  

By cons ide r ing  t h e  energy exchange between a d i sp laced  parcel and the  

environment,  some u s e f u l  i n s i g h t s  i n t o  t h e  n a t u r e  of SI can be gained. For  

a l o c a l l y  uniform b a s i c  state,  i.e.,  n = (F2 s2) is  cons tan t  (3.2a-b) can 

be r e w r i t t e n  as 

2 2  

S N  

(3.4) 

9 



where h 5 (fv,e) and 5 3 ( c , S )  5  COS a ,  s i n  a )  i s  the p a r c e l  displacement  

i n  t h e  c r o s s  s e c t i o n  (x,z) o r  ( x , z ) .  S i m i l a r l y  (3.3a-b) can  be r e w r i t t e n  as 
A A  

g = -n- { - aoVp . d - 
d t  

(3.5) 

Eq. (3.5) i n d i c a t e s  t h a t  a f l u i d  p a r c e l  w i th  displacement R is 

a c c e l e r a t e d  by two f o r c e s :  ( a )  r e l a t e d  t o  t h e  s t a b i l i t y  t e n s o r  of 

t h e  b a s i c  flow -11 = 5 ,  and ( b )  due t o  t h e  p e r t u r b a t i o n  p r e s s u r e  

g r a d i e n t .  Thus, t he  energy absorbed (or r e l e a s e d )  by a f l u i d  parcel 

from ( o r  t o )  t h e  b a s i c  flow is 

2 2  2 2 2  -A = -p I R 11 d! =.---I d(F 5 + 2s S S  + N 5 ) 
0 ”  2 

o r  

(3.6) 
-2-2 *2.-2 - - - - (F 5 + N 5 ) i n  (;,;I c o o r d i n a t e s  of (2.31, 2 

where u2 5 W 2 ( a )  i s  g iven  i n  (2.8). 

depends on t h e  p a r c e l ’ s  displacement  11 on ly  and not on the  p a r t i c u l a r  

t r a j e c t o r y ;  ( b )  for f i x e d  151, when 5 is along ( o r  normal t o )  t he  

Eq. (3.6) i n d i c a t e s  t h a t  ( a )  -A 

10 



most u n s t a b l e  s l o p e  of (2.4),  i .e.,  E a = & ( o r  tan- l (S/E)  

E & 1 a ) ,  -A reaches  a maximum (or minimum) wt.ere W2 = min u2 = min 

(;2,i32) ( o r  ~2 = max ~2 = max(C2,i2)). 
a 

a 

Furthermore t h e  in s t an taneous  power gained ( o r  l o s t )  by a f l u i d  parcel 

w i t h  v e l o c i t y  y a t  '1 from ( o r  t o )  t h e  b a s i c  flow is 

where 

u2(a,B> = ~2 cos a cos B + ~2 s i n  ( a  + B )  + ~2 s i n  a s i n  B, 

a and B are t h e  d i r e c t i o n  ang le s  of h and y ,  r e s p e c t i v e l y .  Here t h e  c o n s t r a i n t  

la - B I  < T i s  r equ i r ed  by t h e  f a c t  t ha t  f o r  any growing d i s t u r b a n c e  t h e  

a n g l e  between y = - and , i.e., la  - 61, must a c u t e  In t h i s  case,' 

i t  is a l s o  easy  t o  prove t h a t  f o r  any f i x e d  l y l  and I $  
maximum (ainimum) when a = 6 = a (a = B 1 a). 

TI 

, d s  

d t  

-W reaches  the  
A A 

4. Moist S I  and CSI 

A s  mentioned be fo re ,  t h e  p a r c e l  dynamics a s s o c i a t e d  wi th  (3.2a-b) and 

(3.3a-b) does not  n e c e s s a r i l y  r e q u i r e  t h e  thermal  wind r e l a t i o n  between 0, and 

V. Thus by r e p l a c i n g  0, w i t h  0, t h e  same a n a l y s e s  and r e s u l t s  f o r  t h e  p a r c e l  

dynamics w i l l  be e x a c t l y  a p p l i c a b l e  to moist SI .  However, t o  estimate t h e  

most u n s t a b l e  s l o p e  a n g l e  f o r  moist S I ,  w e  need to  ana lyze  t h e  moist  p a r c e l  

e n e r g e t i c s  a s  fol lows.  

F o r  a moist  atmosphere,  i f  t he  bas i c  moi s tu re  f i e l d  is a l s o  on ly  a 

f u n c t i o n  of ( x , z ) ,  then  i n  a d d i t i o n  to (2.2) t h e r e  are ano the r  two b a s i c  

f r e q u e n c i e s  No and So d e f i n e d  as 

(4.1) 
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where 0, i s  the  w e t  bulb p o t e n t i a l  t empera ture  of t h e  b a s i c  state. 

I f  t h e  atmosphere is s a t u r a t e d  everywhere,  Le. ,  t h e r e  is enough con- 

densed l i q u i d  ( o r  s o l i d )  water i n  downdrafts,  then  S2 and N2 i n  (2 . ld)  

2 2 
and S2 r e s p e c t i v e l y  wh i l e  S should be replaced by N i n  ( 2 . 1 ~ )  is 

0 0 

unchanged. Since 0, does not  u s u a l l y  s a t i s f y  t h e  thermal  wind 
- 9  
L L  

r e l a t i o n ,  the moist  s t a b i l i t y  t e n s o r  (F9 ',,I is  g e n e r a l l y  nonsymmetric 
SG N: 

and cannot be d i agona l i zed  by an or thogonal  t r a n s f o r m a t i o n  such as 

(2.3).  However, t h e  moist  s t a b i l i t y  t e n s o r  always can be t ransformed 

i n t o  e i t h e r  a d i agona l  o r  Jordan  form by a proper  a f f i n e  t ransforma- 

t i o n .  The V-derivat ive terms, e s p e c i a l l y  t h e  n o n l i n e a r  terms, w i l l  

g e n e r a l l y  become more complicated.  There is no g e n e r a l  way t o  

t r ans fo rm the moist  governing equa t ions  i n t o  a s imple  form l i k e  (2.5). 

Another d i f f i c u l t y  wi th  moist  S I  i s  t h a t  the  in t eg rand  II d$ i n  

(3 .6)  i s  no longer  a t o t a l  d i f f e r e n t i a l  i f  is nonsymmetric, i.e., 

II f IIT. 

of ( 3 . 6 ) .  However, n o t i c e  t h a t  (3.4) and (3.5) are s t i l l  v a l i d  f o r  

This prevents  us from fo l lowing  the  parcel e n e r g e t i c  a n a l y s i s  

nonsymmetric cons t an t  TI. Thus w e  can ana lyze  moist  S I  w i t h  the  

in s t an taneous  p a r c e l  e n e r g e t i c s  of (3.7). 

For  nonsymmetric cons t an t  II, t h e  w2(a,B) i n  (3.7) becomes 

2 2 2 2 
W (a ,B)  = F cos a cos B + S cos a s i n  B + S s i n  a COS B 

0 

2 lT + No s i n  a s i n  8 , la - B I  < 7 (4.2) 

1 2  



2 A 

It is  easy  t o  prove t h a t  W (a ,B)  reaches i t s  minimum a t  a = a and 
0 

A A A 

B = B where a and are t h e  roots  of 
0’ 0 0 

(4.3a) 

(4.3b) 

For S 2  f S 2 ,  and thus  
0 0 0 ’  
2 

min W (a,@)) can only  be gained by t h e  p a r c e l s  with v e l o c i t y  

y = ( cos  i 
Since  t h e  v e l o c i t y  ;?r g e n e r a l l y  (except  f o r  

2 2  A 

S = So) d e v i a t e s  t h e  p a r c e l  from a 

t h i s  maximum power can only  be gained i n s t a n t l y  by the  pa rce l .  I n  

o r d e r  t o  keep the  p a r c e l  p o s i t i o n  angle  a even t empora r i ly  cons t an t ,  t h e  

parcel  v e l o c i t y  must be i n  t h e  same d i r e c t i o n  as a, i.e., a = B. I n  

t h i s  c a s e  the  most uns t ab le  s l o p e  angle  a is  g iven  by (4.3b) w i t h  

a = B ,  or  e q u i v a l e n t l y  by ( 2 . 4 )  with  So + S2 and No i n s t e a d  of 2 s  and 

N r e s p e c t i v e l y .  Thus, N and F a r e  g iven  by ( 2 . 6 )  w i t h  S 2  + S and 

N i n s t e a d  of 2s and N r e spec t ive ly .  

f i maximum power (cor responding  t o  

a, B 
s i n  60)l  21 and displacement  5 = (cos 

0’ 0’ 

= 6 
s i n  uo)l 51 

i n  t h e  case of 
0 0 

when t h e  maximum power is reached, 
0 

A 

2 2 2 

2 - 2  A2 2 

2 2 2 
0 

0 

W e  can a l s o  show t h a t  above a n a l y s i s  and r e s u l t s  are c o n s i s t e n t  

w i t h  fo l lowing  i n v i s c i d  l i n e a r  a n a l y s i s .  For  a f r e e  mode where t h e  

stream f u n c t i o n  6 - e , it  is easy  t o  show that .  i (u t-mx-nz 

2 2 2 2 2 
o2 = F cos a + ( s 2  + s cos a s i n a  + N~ s i n  a , 

0 
(4.4) 
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where a i s  the s l o p e  a n g l e  of stream l i n e ,  i .e.,  

m 
n 

= - -  z t a n a  = - 
I J I  = cons t  

2 2 2 Eq. (4.4) i s  j u s t  (2.8) w i t h  S2 + So and N r e p l a c i n g  2S2 and N r e s p e c t i v e l y .  
0 

Thus, t h e  l i n e a r  most u n s t a b l e  ( o r  least  s t a b l e )  s l o p e  a n g l e  and t h e  

cor responding  va lue  of min U2 are c o n s i s t e n t  w i t h  t h e  above p a r c e l  e n e r g e t i c s  

r e s u l t  . 
a 

Now w e  can cons ide r  t h e  CSI problem q u a l i t a t i v e l y  (c f . ,  Fig. 2). In  

d r y  subsidence r eg ions  t h e  downward motion t ends  t o  be a long  t h e  least (d ry )  

s t a b l e  s l o p e  tan; 

t h e  b a s i c  s t a t e  is d r y  symmetric s t a b l e ,  i.e., 

2 2 
1 1 1 which i s  g iven  by (2.4) w i t h  N2 = N and S2 = S where 

N: F2 - S: '> 0 . ( 4 . 5 )  

Cond i t ion  (4.5) imp l i e s  t h a t  t he  downward motion is pass ive  and must be fo rced  

i n  Compensation t o  t h e  moist updra f t s .  Thus, t h e  b a s i c  s t a t e  i n  t h e  moist 

u p d r a f t s  must s a t i s f y  moist  S I  c o n d i t i o n ,  i.e:, 

2 2  2 2 2  N F - (S1 + S o )  /4 < 0 . 
0 

14 



Here t h e  u p d r a f t s  tend t o  s l a n t  a long the  most (moi s t )  uns t ab le  s l o p e  

7 2 
tan; which is given by ( 2 . 4 )  o r  (2.7) w i th  S; + S 2  and N r e p l a c i n g  

0 0 0 
2 2 

2s and N r e s p e c t i v l e y ,  whi le  the  dry subsidence tends t o  fol low t h e  

s l o p e  t a n a  thus t h e  averaged s l o p e  (angle  9 )  is between t h e  two, 

i .e.,  ( s e e  Fig. 2 )  

A 

1’ 

Furthermore,  under cond i t ions  ( 4 . 6 )  and (4.71, i t  is easy  t o  prove 

t h a t  

where 9 1  and Q o  are t h e  s l o p e  angles  of d r y  and moist  i s e n t r o p i c  l i e n s  

( i n  5 p lane ) ,  Q v  is  the  s l o p e  angle  of iso-momentum l i n e .  Thus, i f  Q equa l s  

t o  t h e  s l o p e  angle  of a moist  u p d r a f t ,  then the  e s t i m a t i o n  of ( 4 . 7 )  can 

be improved as 

( 4 . 9 )  

because t h e  u n s t a b l e  s l o p e  f o r  a r i s i n g  moist  p a r c e l  must be s t e e p e r  than the  

iso-momentum l i n e s  , (c f .  Sec t ion  3). Obviously,  f o r  a g iven  scale he igh t  H, 

(4.7) o r  (4.9) r ende r s  a broad mesoscale range of pe rmis s ib l e  va lues  f o r  t h e  

i n t r i n s i c  h o r i z o n t a l  s c a l e  L = H t a n  4) f o r  CSI c i r c u l a t i o n s  ( s e e  F ig .  2) .  

5. Concluding Remarks 

V i a  a proper  r o t a t i o n a l  coord ina te  t r ans fo rma t ion  i n  a t r a n s v e r s e  

s e c t i o n  of the  b a s i c  flow, w e  have shown t h a t  t he  non l inea r  v i scous  

15 



equa t ions  with a S I  (Symmetric I n s t a b i l i t y )  b a s i c  s ta te  can be l o c a l l y  

t ransformed i n t o  equa t ions  wi th  a B I  (Buoyancy o r  Convect ive I n s t a b i l i t y )  o r  

I1 ( I n e r t i a l  I n s t a b i l i t y )  b a s i c  s t a t e .  Th i s  i n d i c a t e s  t h e  common n a t u r e  of 

S I ,  B I  and I1 with  r e s p e c t  t o  t h e i r  l o c a l  dynamics. However, i t  is worth t o  

no te  t h a t  f o r  B I  t h e  h o r i  zonal  s t a b i l i t y ,  due s o l e l y  t o  C o r i o l i s  f o r c e ,  is 

gen 'e ra l ly  much weaker than t h e  v e r t i c a l  i n s t a b i l i t y .  For S I  a s t a b l e  

s t r a t i f i c a t i o n  can render  the "hor i zon ta l "  (a long  x) s t a b i l i t y  much s t r o n g e r  

than  t h e  " v e r t i c a l "  (a long  z )  i n s t a b i l i t y .  This can make f o r  a large 

A 

A 

d i f f e r e n c e  between B I  and S I  ( e s p e c i a l l y  when t h e  P r a n d t l  number * 1, cf.  

Miller, 1984). 

The s i m i l a r i t y  between S I ,  B I  and I1 is conducive t o  a better 

unders tanding  of va r ious  S I  problems and sugges t s  q u a l i t a t i v e  r e s u l t s  

f o r  t h e s e  problems wi thout  even s o l v i n g  them a n a l y t i c a l l y .  However, 

t h i s  analogy does not mean t h a t  a SI  problem can always be t r e a t e d  as 

e a s i l y  as a B I  o r  I1 problem. The a d d i t i o n a l  d i f f i c u l t i e s  w i t h  S I  

problems o f t e n  arise due t o  t h e  fo l lowing  f a c t o r s :  a )  when t h e  b a s i c  

s t a t e  is not uniform, i.e., t h e  s t a b i l i t y  t e n s o r  i s  a f u n c t i o n  of 

p o s i t i o n ,  then t h e  SI  problem g e n e r a l l y  cannot be t ransformed i n t o  a B I  

o r  I1 problem; (b)  even i f  t h e  b a s i c  s ta te  is uniform and thus  t h e  S I  

problem can be g l o b a l l y  t ransformed i n t o  a B I  problem, t h e  boundary 

w i l l  u s u a l l y  become more i r r e g u l a r  and t h e  problem may s t i l l  not  be 

amenable t o  a n a l y t i c a l  t rea tment .  Thus, as f a r  as t h e  g l o b a l  dynamics 

are concerned, SI i s  not  gene ra ly  equ iva len t  t o  BT and XI. 

Fui the rnora ,  when the  i n s t a b i l i t y  i s  c o n d i t i o n a l ,  t h e  s t r a t i f i c a t i o n  

and thus  s t a b i l i t y  t e n s o r  w i l l  change d i s c o n t i n u o u s l y  a t  t h e  i n t e r f a c e s  

between t h e  moist u p d r a f t s  and d ry  subsidences.  Thus, t h e  d i f f e r e n c e s  

between CSI and CBI (Cond i t iona l  B I )  w i l l  be even more than  those  c i t e d  

above. For  C B I ,  t he  s t a b i l i t y  t e n s o r  does not  have a sudden r o t a t i o n  at 
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t h e  i n t e r f a c e s  as it  does f o r  CSI. S ince  the  most uns t ab le  d i r e c t i o n  fo r  

t h e  moist  s t a b i l i t y  t e n s o r  is s t eepe r  than the l e a s t  s t a b l e  d i r e c t i o n  f o r  

t he  d r y  s t a b i l i t y  t e n s o r ,  t he  CSI c i r c u l a t i o n s  w i l l  be s l a n t w i s e  between 

t h e s e  two d i r e c t i o n s .  If the s lope  of the moist u p d r a f t  is cons idered  as  

a measure of t h e  s l o p e  of a CSI c i r c u l a t i o n ,  then i t  must be a l s o  s t e e p e r  

than  the  iso-momentum s u r f a c e s  of the  basic s ta te .  Assoc ia ted  wi th  the  

s l o p e  of a CSI c i r c u l a t i o n ,  t he  i n t r i n s i c  h o r i z o n t a l  scale may cover  a 

broad mesoscale range. These q u a l i t a t i v e  results are confirmed by l i n e a r  

CSI s o l u t i o n s  (Chapter  111, Xu, 1984). 
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Figure  Capt ions 

F igu re  1 Schematic of uniform b a s i c  s ta te  and r o t a t i o c a l  coord ina te  
t r ans fo rma t ion  R;. 

Figure  2 Schematic comparison of t h e  s l o p e  ang le s :  
A 

a - most uns t ab le  s l o p e  angle  i n  moist basic s ta te ,  
io - l eas t  s t a b l e  s l o p e  angle  i n  d r y  b a s i c  s ta te ,  

H - scale he igh t ,  
L - i n t r i n s i c  h o r i z o n t a l  scale,  

- s l o p e  ang le  of a CSI c i r c u l a t i o n ,  



Figure 1 Schematic of uniform basic state and rotatiocal coordinate 
transformation R;. 
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Figure 2 Schematic comparison of the s lope angles: 
A - mst unstable slope angle i n  moist basic  s t a t e ,  - l e a s t  s table  s lope  angle in dry basic  s t a t e ,  - s lope  angle of a CSI c ircu la t ion ,  

Eo 

H - s c a l e  height ,  
L - i n t r i n s i c  horizontal  s c a l e ,  



I. Summary of Accomplishments 

The work performed under t h i s  con t r ac t  can roughly be d iv ided  i n t o  two 

p a r t s :  t h e  f i r s t  was mainly t h e o r e t i c a l  i n  n a t u r e  and aimed a t  unde r s t and ing  

t h e  dynamics of convect ively-dr iven meso- and synop t i c - sca l e  p rocesses  and t h e  

second was p r i n c i p a l l y  o b s e r v a t i o n a l  and sought t o  observe t h e  e f f e c t s  of 

l a t e n t  h e a t  release a s s o c i a t e d  wi th  slow quasi-geostrophic  a s c e n t  on a March, 

1978 s t o r m  system. 
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2. C.-L. Sh ie ,  M.S., 1985: "The E f f e c t  of L a t e n t  H e a t  on Cyclone 
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3. Qin Xu, Ph.D., 1984: "Condit ional  Symmetric I n s t a b i l i t y  and 
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11. Major Findings 

1. We c a r r i e d  out  a number of d i a g n o s t i c  s t u d i e s  of t h e  e f f e c t  of l a t e n t  

h e a t  release on a March, 1978 storm. I n  t h e  M.S. t h e s i s  by Stave r ,  w e  found 

t h a t  t h e  la rge-sca le  l a t e n t  hea t ing  had a s m a l l  i n f l u e n c e  on enhancing the  

growth of the storm. The p a t t e r n  of quas i -geos t rophic  v e r t i c a l  motion w a s  

enhanced i n  the  v i c i n i t y  of the  co ld  f r o n t  by the  l a t e n t  hea t ing .  We 

es t ima ted  the a r e a s  of hea t ing  from sample measurements and sa te l l i t e  i n f r a r e d  

and v i s i b l e  imagery. 

2. In t h e  ensuing M.S. t h e s i s  by Shie  and t h e  paper by S tave r ,  Shie  and 

I n  Clark ,  we extended our  d i a g n o s t i c  scheme t o  a semi-geostrophic  formalism. 

t h i s  scheme, advec t ion  of hea t  and v o r t i c i t y  by t h e  ageos t roph ic  as w e l l  as 

g e o s t r o p h i c  p a r t  of t he  h o r i z o n t a l  wind f i e l d  w a s  accounted fo r .  I n  t h e  

t h e s i s ,  t he  equat ions  were so lved  i n  t ransformed geos t roph ic  coord ina te s  but 

t h i s  proved t o  be i n a c c u r a t e  because of t h e  many smoothing and i n t e r p o l a t i o n  

o p e r a t i o n s  involved i n  the coord ina te  change. I n  . the  paper we develop an 

a c c u r a t e  i t e r a t i v e  scheme which can be used i n  phys ica l  space.  

i nvo lves  an i n i t i a l  guess of t he  ageos t roph ic  winds us ing  t h e  quasi-  

g e o s t r o p h i c  formalism and then a r e e v a l u a t i o n  of t h e  advec t ion  terms wi th  the  

t o t a l  wind. Convergence w a s  found t o  be rap id .  We noted only  small 

The method 
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d i f f e r e n c e s  in t h e  l a rge - sca l e  v e r t i c a l  motion f i e l d  wi th  and wi thout  l a t e n t  

h e a t i n g  between t h e  semi- and quas i -geos t rophic  d i a g n o s t i c s .  However, wi th  

t h e  semi-geostrophic  t o t a l  winds w e  a r e  a b l e  t o  e v a l u a t e  the  tendency of t h e  

s y n o p t i c - s c a l e  rnotion f i e l d  t o  produce c o n d i t i o n s  f a v o r a b l e  f o r  symmetric 

i n s t a b i l i t y .  T h i s  would mani fes t  i t s e l f  i n  t h e  form of mesoscale ra inbands  

o r i e n t e d  p a r a l l e l  t o  t h e  low-level vertical wind shear .  W e  noted t h a t  w i t h i n  

a pe r iod  of less than  12 hours ,  d i f f e r e n t i a l ,  h o r i z o n t a l  and v e r t i c a l  

a d v e c t i o n  by t h e  t o t a l  wind f i e l d  would render  t h e  atmosphere convec t ive ly  

u n s t a b l e  a long iso-momentum s u r f a c e s  i n  t h e  v i c i n i t y  of t h e  warm f r o n t  i n  t h e  

March, 1978 storm. We t h u s  concluded t h a t  1.atcnt hea t  release on t h e  

convec t ive  and mesoscale probably p lays  an impor tan t  r o l e  i n  t h e  development 

of t h i s  w i n t e r  storm. 

3. We proceeded t o  i n v e s t i g a t e  some models t o  account  f o r  t h e  

i n t e r a c t i o n  of convec t ive  scale motions and the  l a r g e r  scale m t i o n  f i e l d  i n  

which i t  is embedded. I n  t h e  paper by Xu and Clark ,  we cons idered  a wave-CISK 

model w i t h  t h e  important  f e a t u r e  that the  convec t ive  motions would not  respond 

i n s t a n t a n e o u s l y  t o  large scale forc ing .  Rather  they  would be t r i g g e r e d  by t h e  

f o r c i n g  bu t  then  would go through a l i f e  cyc le  t h a t  depended on 

a. t h e  i n t r i n s i c  mean cloud l i f e t i m e ,  

b. t h e  amount of a v a i l a b l e  convect ive p o t e n t i a l  energy i n  t h e  

environment ,  and 

eddy-di ss i p a  t ion. c . 
We were a b l e  t o  produce wave-like d i s tu rbances  which s t r o n g l y  resembled 

t r a v s l i n g  waves a s s o c i a t e d  with convection i n  t h e  v i c i n i t y  of co ld  and w a r m  

f r o n t s  and i n  w a r m  s e c t o r s  where the  background shea r  is weak. 

We have a l s o  c a r r i e d  ou t  a number of t h e o r e t i c a l  s t u d i e s  of c o n d i t i o n a l  

symmetric i n s t a b i l i t y  (CSI). I n  t h e  enclosed paper by Xu and Clark ,  w e  
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develop an analytical technique for solving the linear problem with and with- 

out latent heat release. In ensuing papers we investigate some implications 

of nonlinearities and viscosity on the growth of CSI disturbances in an 

unstable environment. 
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